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Abstract: In this paper the author formulates and proves a theorem that relates 
smoothness of kinetic energy and smoothness of vorticity in a 3-D Navier-Stokes 
fluid. Setting velocity and vorticity boundary conditions, a direct relation arises 
between kinetic energy and the squared Euclidean norm of the vorticity. As a 
direct result, their smoothness is closely related. 



1. Introduction 

It's well known that Navier-Stokes equations give us the behaviour of fluids pQ- 
[2]. The most general equations of a viscous compressible fluid is given by the 
nonlinear partial differential equations 

d t u + u ■ Vu = vAu - - Vp + ( - + -is) V (V • u) + - f, (1) 

P \P 3 ) p 

where p is the density of the fluid, v > is the kinematic viscosity, C is a second 
viscosity coefficient and / is an external force. In equation JT]), the velocity 
u(x,t) of a fluid particle is a vectorial function u : Q x [0, oo) i — > R 3 , and 
pressure p (x, t) is a scalar function p : Q x [0, oo) i — > R, where x 6 Q C R 3 and 
t G [0, oo). The fluid is incompressible if p is constant and, as a mass conservation 
law consequence, the flow is free-divergence, i.e. V • u = 0. Then, using Einstein 
notation, the Navier-Stokes equations (Q]) for each velocity component are 

dtu, + UjdjUi = vdjdjUi - d l p, (2) 
diUi = 0, (3) 



where we have taken p = 1 and /i = for simplicity. An acceptable solution for 
(dl-Q are that functions Ui,p G C°° (fi x [0, oo)) such that have finite energy 
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3, i.e. 

/ u^i d 3 x < oo, Vi G [0, oo) . (4) 
Jn 

A variational method was developed by J. Leray et al. [1] to solve (HJ)-©. This 
method called weak solutions method uses a free divergence test function that is 
multiplied by (J2]) with dot product. Then, an integration in x G Q and t G [0, T) 
is made. A theorem proved by J. Serrin (see [5]) guarantees the existence of 
this smooth weak solutions in t G [0, T). In 1984, Beale, Kato and Majda (see 
[5]) developed a theorem for 3-D Euler fluid (i.e. a fluid with v = 0), which 
equation ([2]) has weak solutions in t G [0, T). This theorem states that if a 
initial smooth solution for Euler equation loses it smoothness some time later, 
then the maximum vorticity necesarily grows without bound as the critical time 
approaches. As immediate corollary of this theorem, the existence of a smooth 
solution in t G [0,T) is guaranteed. In 2007, Neustupa and Penel [7]-[8j prove 
that, taking boundary conditions 

u n = 0, V x u ■ h = 0, [Vx(Vxu)]'fi = on dtt, (5) 

where n is normal to surface, the velocity and the curl of vorticity are related 



/ \u\ 2 d 3 x <oo^ f f |V x (V xu)| 2 d 3 xdr 
J n Jo Jn 



< oo, (6) 



where Q C R 3 and t G [0, oo). The problem here, is that ([5]) imposes a restriction 
on the space second derivative of the velocity, while J2]) is second order in space. 



2. Blow-up in 3-D Navier-Stokes Fluid. 

In this section, we will prove a similar theorem to Beale-Kato-Majda theorem, 
but in this case there is a 3-D Navier-Stokes fluid instead of an Euler Fluid. In 
our case, we will prove that, taking suitable boundary conditions for vorticity 
and velocity, vorticity blows-up if, and only if, kinetic energy of a fluid particle 
blows-up Vi G [0, oo). 

Theorem 1. Let be u i: p G C°° (J7 x [0, oo)) such that (Hp-^ are held. And let 
be the boundary conditions 



u ■ n = 0, (V x it) • (u x h) = 0, 
on df2, where n is normal to surface. Then, 



u ■ u d 3 x < oo 



f I (V X u) ■ (V X u) d 3 x dr 
Jo Jn 



< oo, 



(7) 



(8) 



where f2 C R 3 and t G [0, oo). 



Proof. We know that the pressure p is the average kinetic energy of the molecules 
of the fluid that are colliding against the walls in a stagnant fluid. When the 
fluid is on stream, a new contribution due to kinetic energy of the flow takes 
part. So, we can add kinetic energy to pressure, subtracting 



(9) 



in right and left side of @. Then the equations @ can be rewritten like 



dtUi + UjdjUi — ujdiUj — vdjdjUi — di ( p + —UjUj 



(10) 



Taking the scalar product of (TTUJ) with u, we have 



utdtUi + UiUjdjUi — UiUjdiUj — vuidjdjUi — Uidi ( p + —UjUj ) ; (11) 



and taking the laplacian of both sides of IjlOp. we have 



dt.Ojii, ■ , (djUi - ,) ■ ii ,(),(), a, u ,(),<), ii , = vdjdjdiUi—didi + -UjUj 

(12) 

Given that the fluid is free-divergence as ([3]) says, the first and third terms in 
the left side of (p~2|) and first term in right side of 1|12[) vanishes, while the fourth 
term in left side of (fl2|) is the first term in right side of (fTTjl . So substituting 
(|T2]) in (jnj, we have 



Uid t Ui = vd l u i (djUi - diUj) + vdidi I p + \ujUj ) - mdi (p + \ujUj I . (13) 



But Levi-Civita tensor obeys tijktkim — o~ao~jm — SimSji, so we can rewrite (|13p 
like 



UtdtUi = -ve i: jkdiUj£M m diu m + vdidi ( p + ^UjU 3 ) - d t 



Changing this equation to vectorial notation, it results: 



(/, [p+^UjUj 



(14) 



d t ( ■ uj = —v (V x u)-(V x u)+vA (p + — *u • u ) — V- 



u [ p + —u ■ u 



If we integrate in the space region fl and time interval [0, t), then 



(15) 



—u ■ u I d A x = —v 



( f (Vx(i)-(Vxu) d 3 xdr 
Jq Jn 



V ( p + —ii ■ u \ ■ h d 2 xdr — I f (p + —u ■ u) u ■ n d 2 xdr. 



(16) 
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We have used the divergence theorem in the last two terms of right side of 
(fT6| . where h is the vector normal to the surface dfl. Choosing the Neumann 
boundary condition 

n-u = 0,Vx e dfl, (17) 



the last term of (|16|) vanishes. However, the second integral of right side of (11611 
vanishes if 

h ' V { P+ \ U ' M ) = ° ,VX E dn ' ^ 

We can obtain (fT5| with the next considerations. Taking into account (fTU|) and 
the identity 

Au = V (V • u) - V x V x u, (19) 

we have 

d t u - u x (V x u) = -vV x (V x u) - V + ■ u^j . (20) 

Since the surface dSl is closed and don't change its shape with time (that is to 
say d t n = 0), integrating (|20p in dfl results 



/ (V X u) ■ (n X u) d 2 x = v I n ■ V ( p + -u ■ vA d 2 x, 
Jan Jon \ 2 / 



(21) 



where we have used 

d t (h-u) =0,Vx e dfl, (22) 
and the divergence theorem 

I [V x (V x u)\ ■ n d 2 x = [ V ■ [V x ( V x u)} d 3 x = (23) 
Jan J n 

So, (fT5|) is equivalent to 

(V x u) ■ (h x u) = 0,Vcc G dfl. (24) 

Taking the boundary condition ([7]), the surface integrals of (fTo) vanishes. As a 
result, 

- / u(x,t) ■ u (x,t) d 3 x — -v J I (V x u (x,t)) ■ (V x u (x,t)) d 3 xdr, 
2 Jn Jo J n 

(25) 

and the proof of the theorem follows □. 

Three consequences arise here choosing boundary coditions (|7|) for velocity and 
vorticity. First of all, relation (|25p means that kinetic energy in the volume di- 
minishes with time, if vorticity is not null. This is perfectly reasonable since 
kinematic viscosity produces heat from kinetic energy. Second, if the fluid is an 
Euler fluid, i.e. v = 0, the fluid don't disipate kinetic energy and the kinetic en- 
ergy don't depends explicitly on time. And third, vorticity controls the blow-up 
in time. 

Boundary coditions ([7]) are less restrictive than ([5]) , because the firsts are space 
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first derivative and the seconds are higher order derivatives. The theorem pro- 
posed is a similar result to Beale-Kato-Majda theorem, with Navier-Stokes fluid 
instead of Euler fluid. But there is not a proof that ([5]) be a more general result 
of Beale-Kato-Majda theorem in t £ [0, oo), because right hand side of (p~8|) van- 
ishes in Euler fluid and because ([7|) condition has not sense in Euler fluids. This 
theorem is more powerful than the Leray weak solutions method in the temporal 
domain, but more weak in the space domain due to boundary conditions. 
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